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Abstract

Typicality degrees are defined to build prototypes that characterise data
subcategories, taking into account both the common points of the cate-
gory members and their distinctive features as compared to other cate-
gories. In this paper, these principles are extended to the unsupervised
learning framework, leading to a clustering algorithm robust to outliers
that avoids overlapping areas between clusters and builds subgroups that
are indeed both compact and separable. It does not require touse a Eu-
clidean distance, which makes it possible to identify non-convex clus-
ters.
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1 Introduction

Clustering is an unsupervised learning task that aims at decomposing a data
set into compact and distinct subgroups: compactness justifies the data group-
ing, as cluster members indeed resemble one another; the fact that clusters are
distinct, or their separability, justifies the individual existence of each group,
as merging them would lead to lose the compactness property.Clustering pro-
vides a simplified representation of the data set, highlighting its structure and
helping the user to better apprehend it.

In this paper, a clustering algorithm based on typicality degrees is pro-
posed. The latter were defined in a prototype construction procedure [8, 6] to
measure data point representativeness: all members of a category do not have
the same status, some are better examples of the category, they are more char-
acteristic, or more representative for it. For instance in the case of the mammal
category, a dog can be considered as more typical than a platypus or a bat.



According to cognitive science results [9, 10], the typicality of a point for its
category depends on two complementary notions, called internal resemblance
and external dissimilarity: the former is defined as the point resemblance to
the other members of the category, the latter as its dissimilarity from members
of the category. This can be illustrated with the previous mammal example: a
platypus is atypical mainly because it does not resemble enough other mam-
mals, whereas a bat is atypical mainly because it is not different enough from
the members of the bird category. Prototypes based on such typicality degrees
then lead to category representatives that highlight both the common features
of the category members and their discriminative features as opposed to other
categories, underlining their specificity.

These principles were implemented to automatically extract relevant char-
acteristic representations of data categories in a supervised learning framework
[8, 6]. In this paper, they are adapted to unsupervised learning, to perform clus-
tering i.e. identify relevant subgroups in a data set: the internal resemblance
and external dissimilarity on which typicality relies can be matched with the
compactness and separability properties that are desired from clusters. Indeed,
a compact cluster means that all cluster members have a high internal resem-
blance; well-separated clusters imply all points have a high external dissimi-
larity. Thus a cluster decomposition has a high quality if all points have a high
typicality degree for the cluster they are assigned to. Therefore, we propose
a clustering algorithm that aims at maximising the typicality degrees. As de-
tailed in the following, the algorithm is robust to outliers, avoids overlapping
areas between clusters and can be used with any comparison measures, making
it possible to detect non-convex clusters.

The paper is organised as follows: Section 2 recalls the typicality degree
formalisation and Section 3 presents the proposed extension to unsupervised
learning. Section 4 illustrates the results obtained with an artificial data set and
compares the proposed method to other clustering algorithms. Lastly Section 5
illustrates the algorithm application to detect non-convex clusters.

2 Typicality Degrees

A prototype is an element chosen to represent, characteriseand summarise
a data set. Rifqi [8] proposed a construction method, later extended in [6],
relying on the typicality notion defined by Rosch [9]: according to the latter,
the typicality of a point for the category it belongs to depends on its resem-
blance to the other members of the category (internal resemblance), and on its
dissimilarity to members of other categories (external dissimilarity). The pro-



totype derived from such typicality degrees then underlines both the common
and discriminative features of the category members.

Given a data setX = {xi , i = 1..n} with points belonging to several cate-
gories, a categoryC, and a pointx ∈ C, the method first computes [8]

the internal resemblanceR(x,C) = avg(ρ(x, y), y ∈ C) (1)

the external dissimilarity D(x,C) = avg(δ(x, y), y < C) (2)

whereρ (resp. δ) is a resemblance (resp. dissimilarity) measure, i.e. a func-
tion that gives a value in the interval [0, 1] measuring the extent to which the
two points are similar (resp. different). One can cite as example normalised
distances or normalised nonlinear transformations of the distance, for instance
through the Cauchy function (see eq. (4)) or through a Gaussian function [1, 4].
Equation (1) defines the internal resemblance as the averageresemblance to
other members of the group, Equation (2) defines the externaldissimilarity as
the average dissimilarity to members of other categories.

Typicality degrees are then defined as the aggregation of theinternal re-
semblance and external dissimilarity

T(x,C) = ϕ(R(x,C),D(x,C)) (3)

whereϕ is an aggregation operator. Many possibilities can be considered, lead-
ing to various semantics for the typicality degrees [6]: conjunctive operators,
such as the min, allow as typical points only those with both high internal re-
semblance and external dissimilarity. Disjunctive operators, such as the max,
are less severe; they lead to a double semantic for typicality: two kinds of
points can have high typicality degrees, namely those with high internal resem-
blance and those with high external dissimilarity. This canlead to non-convex
typicality distribution. Trade-off operators, such as the weighted mean, make
it possible to rule the relative importance ofRandD and offer a compensation
property: the decrease of one criterion can be compensated for by the increase
of the other one. Lastly variable behaviour operators, suchas the symmetric
sum [2], offer a full reinforcement property: if bothRandD are high, they re-
inforce each other to give an even higher typicality degree;likewise, if both are
small, they penalise each other to give an even smaller typicality, in between,
they offer a compensation property. (See [6] for a more complete discussion
on aggregation operators for typicality computation.)

The prototype is then computed as the aggregation of the mosttypical data
points: denotingτ a user-defined threshold andψ an aggregation operator, it
is defined aspC = ψ({x/T(x,C) > τ}). In the case of crisp data,ψ can be a
weighted mean, or a more complex operator that aggregates crisp values into
a fuzzy set, so as to model the intrinsic imprecise property of prototypes [6].



3 Clustering Algorithm Based on Typicality Degrees

In this section, an extension of the previous typicality degrees to unsu-
pervised learning is proposed, to identify relevant clusters in a data set. As
indicated in the introduction, the underlying idea is to exploit the matching be-
tween internal resemblance and cluster compactness, as well as the matching
between external dissimilarity and cluster separability.More precisely, the aim
is to determine a data decomposition that maximises, for each data point, its
typicality degree for the cluster it is assigned to.

To that aim, as summarised in table 1 and detailed in the following, the al-
gorithm alternates two steps: (i) given a candidate partition of the data, typica-
lity degrees are computed; (ii) given typicality degrees, apartition is computed,
so that each point becomes more typical of the cluster it is assigned to.

Two advantages are expected from this approach, namely the exclusion
of outliers and the avoidance of cluster overlapping areas:outliers have low
internal resemblance whichever cluster they are assigned to, and thus should
have low typicality degrees. Points locating in cluster overlapping areas are not
distinct from points in other clusters and thus should also have low typicality
degrees. This should lead to clusters that are both compact and separable.

3.1 Typicality Step

The first step of the algorithm consists in computing typicality degrees with
respect to a candidate data partition. Contrary to the supervised case, typicality
degrees are not computed only with respect to the cluster thepoint is assigned
to, but with respect to all clusters. Indeed, the current cluster estimation is to
be questioned and different assignments must be considered.

The candidate partition is only used to determine which points must be
taken into account for internal resemblance and external dissimilarity: for a
given point, when its typicality with respect to clusterC is computed, internal
resemblance is based on points assigned to clusterC according to the candidate
partition; likewise, external dissimilarity is computed with respect to points
assigned to other clusters according to the candidate partition.

3.1.1 Comparison Measure Choice

As regards the resemblance and dissimilarity measures, involved in step
1a and 1b of the algorithm summary given in table 1, we consider Cauchy
functions, as used in the possibilisticc-means (PCM) [3]: denotingd is the



Table 1. Proposed typicality-based clustering algorithm
Notations:X = {xi , i = 1..n} the data set,c the desired number of clusters,ρ andδ a
resemblance and dissimilarity measure respectively,ϕ an aggregation operator
Initialisation: Apply a few steps of FCM and assign points according to their maximal
membership degrees
Loop: while assignment evolves, alternate

1. Typicality step: for each pointx ∈ X and each clusterCr , r = 1..c

(a) Compute the internal resemblanceR(x,Cr ) = avg(ρ(x, y), y ∈ Cr )

(b) Compute the external dissimilarityD(x,Cr ) = avg(δ(x, y), y < Cr )

(c) Compute the typicality degreeT(x,Cr ) = ϕ(R(x,Cr ),D(x,Cr))

2. Assignment step: for each pointx ∈ X

(a) if x is typical for no cluster, i.e. maxr T(x,Cr ) < 0.1, assignx to a ficti-
tious cluster,C0

(b) else ifx typicality is not clear, i.e.T1(x) − T2(x) < 0.02, whereTi(x) is
thei-th biggest value ofT(x,Cr ), r = 1..c, assignx to the fictitious cluster
C0

(c) else assignx according to the maximal typicality degree, i.e. toCr where
r = arg maxs T(x,Cs).

Euclidean distance,γR andγD user-defined parameters corresponding to refe-
rence distances, they are defined as

ρ(x, y) =
1

1+
(

d(x,y)
γR

)2
δ(x, y) = 1−

1

1+
(

d(x,y)
γD

)2
(4)

γR andγD respectively indicate the distance from which the resemblance (resp.
dissimilarity) is smaller (resp. higher) than 0.5. Now dissimilarity is used to
compare points assigned to different clusters, and thus only considers inter-
clusters distances, whereas resemblance is used to comparepoints belonging
to the same cluster and has an intra-cluster meaning. Thus itis expected that
dissimilarity applies to distances that are on average bigger than those involved
in resemblance. This justifies the definition of different reference distances
for resemblance and dissimilarity. For the dissimilarity,a reference distance
is the data diameter: we chooseγD so that dissimilarity is 0.9 for points at
distancediam(X)/2. For resemblance, a local reference distance is defined, for
each cluster independently, as the cluster radius, so that resemblance is 0.5 for
points whose distance equals the cluster radius.

As clusters are not known, their radii are not known either. Therefore, two



definitions are used: in a preliminary step, clusters are initialised using a few
iterations of fuzzyc-means (FCM). As in the PCM algorithm the following
definition is used: for allr = 1..c, γRr = (

∑

i uri d(xi ,wr))/(
∑

i uri ) where (wr)
is the position of the clusterr centre, and (uri ) is the membership degree of
point xi for clusterr. Second, after having converged using these values, the
obtained data partition is used to update the estimation of the cluster radii and
to defineγRr as half the clusterr diameter.

3.1.2 Aggregation Operator Choice

As regards the aggregation operatorϕ involved in step 1c of the algorithm
(see table 1), it must not give too much weight to the externaldissimilarity: in
the clustering case, one is not interested in discriminative prototypes whereas
they can be justified for discrimination in supervised learning. For clustering,
if external dissimilarity is given too much weight, outliers are considered as
highly typical of any cluster and may disturb the clusteringprocess.

Therefore,ϕ is first chosen to be a “severe” operator, such as the min. In
a second step, when outliers have been excluded, one can be more tolerant,
and use a variable behaviour aggregator, such as the symmetric sum,ϕ(a, b) =
ab/(ab+ (1− a)(1− b)) which offers a full reinforcement property [2].

3.2 Assignment Step

The second alternated step of the algorithm consists in modifying a data
decomposition according to given typicality degrees, so that each data becomes
more typical of the cluster it is assigned to. To that aim, as seems natural,
points are assigned to the cluster they are most typical of

xi ∈ Cr ⇐⇒ r = arg max
s

T(x,Cs) (5)

Two specific cases are handled differently: first points for which the maxi-
mal typicality degree is small (smaller than 0.1 in our experiments), i.e. points
that are typical for no cluster. For such points indeed, the previous assign-
ment scheme does not seem justified. These points correspondto outliers that
should not be assigned to any cluster, but considered as aberrations. They are
thus assigned to a fictitious cluster instead of a regular cluster.

Second, a special case is made of points for which the maximaltypicality
degree is not clear, i.e. the second biggest value is close tothe biggest one
(the difference is lower than 0.02 in our tests). Indeed, a tie-breaking strategy
is necessary, the point assignment would not be justified: such points are also
assigned to the fictitious cluster.



3.3 Overall Algorithm

Globally, the proposed algorithm first computes an initial partition of the
data, through a few steps of the fuzzyc-means algorithm for instance, and
deduces initial values for the cluster radii. It then applies the loop indicated
in table 1, that consists in alternatively computing typicality degrees according
to a partition and updating the partition according to typicality degrees, until
convergence of the data partition. During this step, the comparison measures
are the functions of eq. (4) withγR as in the PCM algorithm (see above) and
ϕ = min. The loop is then performed a second time, after updatingthe γR

values and changingϕ to the symmetric sum. In the performed tests, each
convergence required only a very small number of iterations, less than 10.

4 Experimental Results

In this section, the proposed algorithm is compared to otherclustering al-
gorithms, on the data set used by Pal et al. [7], represented on figure 1. It
contains two clusters of 5 points each and two specific points(numbered 11
and 12) located on the median between the two subgroups, at coordinates (0,0)
and (0, 10) respectively, the second one corresponds to an outlier. We applied
FCM, PCM, the Possibilistic Fuzzyc-means (PFCM) [7] and the proposed
typicality-based algorithm, denoted TC (see caption of table 2 for the used
parameters values). Figure 1 represents the position of thecluster centres ob-
tained as weighted means of the data, using as weights the coefficients associ-
ated to each algorithm. The numerical values of both centre coordinates and
weighting coefficients are indicated in table 2.

FCM results illustrate their sensitivity to outliers: point 12 attracts the cen-
tres that do not have ordinate 0 as expected, but ordinate 0.54. Indeed this
point gets membership degree 0.5 for both clusters and thus has an important
weight. It is as important as point 11, although the latter isless outlying. This
is due to the fact that the FCM membership degrees involve relative distances,
and do not decrease with the absolute distance to cluster centre. Due to a nor-
malisation constraint, they are actually to be interpretedas sharing coefficients,
that indicate the extent to which each point is shared between the clusters. As
points 11 and 12 are both located on the median between the clusters, both are
equally shared, FCM do no distinguish between them.

PCM [3] relax the FCM normalisation constraint, and the coefficients they
rely on measure the absolute distance between data points and cluster centres.
Therefore they take a value next to 0 for the outlier (point 12is associated
to coefficient 0.04), which thus does not attract the centre, leadingto more



Data set Point ID Coordinates

−5 −4 −3 −2 −1 0 1 2 3 4 5
−2

0

2

4

6

8

10

FCM

PCM
PFCM

TC

1 -5.00 0
2 -3.34 1.67
3 -3.34 0
4 -3.34 -1.67
5 -1.67 0
6 1.67 0
7 3.34 1.67
8 3.34 0
9 3.34 -1.67
10 5.00 0
11 0 0
12 0 10.00

Figure 1. Considered data set and cluster centre positions for some clustering algo-
rithms. The numerical values of the coordinates of cluster centres are given in table 2.

satisfying results. PCM coefficients can be interpreted as measuring an internal
resemblance, defined as the resemblance to the cluster centre; yet they do not
take into account external dissimilarity. This is one of thereason why they
suffer from a merging cluster problem (see [7, 12]): in some cases, clusters are
coincident, whereas natural subgroups in the data are overlooked.

To answer this problem, Pal et al. [7] propose to combine FCM and PCM,
i.e. to exploit both relative and absolute resemblances, respectively to perform
assignment and to reduce the outlier influence. More precisely, denotinguf

and up FCM and PCM coefficients respectively, PFCM rely on coefficients
defined asaum

f +buηp, with a, b, mandη user-defined parameters. Table 2 shows
the PFCM centres are not attracted by the outlier, and are further apart from
each other than the PCM centres: point 12 is associated to a small value, due to
the PCM coefficient, that equals 0.0, whereas the FCM coefficient still equals
0.5. It is to be underlined that the PFCM coefficients cannot be interpreted as
such; in particular, they are not normalised (see e.g. points 3 and 8).

At a theoretical level, the proposed typicality-based algorithm can be com-
pared to PFCM insofar as it also combines two information types: it considers
internal resemblance, that can be directly related to the PCM coefficients, and
external dissimilarity, instead of FCM coefficients. These two components
provide two points of view on the data, that can be regarded asmore clearly
complementary of each other than PCM and FCM coefficients. Furthermore,
the aggregation is more flexible than that of PFCM, and lead tointerpretable
coefficients, contrary to PFCM.

At an experimental level, typicality degrees show similar coefficient values



Table 2. Coefficients and centre positions obtained using several clustering algo-
rithms. FCM and PCM were applied withc = 2 and fuzzifierm = 2. PCM were
initialised with FCM results and iterated twice, updating the normalising coefficients
between the two steps. PFCM were used with the parameter values indicated in [7]
leading to the closest to 0 centre ordinates (a = 1, b = 1, m= 7 andη = 1.5).

Point ID FCM PCM PFCM TC
1 0.94 0.06 0.46 0.07 0.70 0.00 0.88 0.06
2 0.97 0.03 0.59 0.10 0.83 0.01 0.83 0.08
3 0.99 0.01 0.91 0.11 1.11 0.00 0.89 0.06
4 0.90 0.10 0.58 0.10 0.81 0.01 0.83 0.08
5 0.92 0.08 0.82 0.19 0.93 0.03 0.68 0.12
6 0.08 0.92 0.19 0.82 0.03 0.93 0.12 0.68
7 0.03 0.97 0.10 0.59 0.01 0.83 0.08 0.83
8 0.01 0.99 0.11 0.91 0.00 1.11 0.06 0.89
9 0.10 0.90 0.10 0.58 0.00 0.81 0.08 0.83
10 0.06 0.94 0.07 0.46 0.00 0.70 0.06 0.88
11 0.50 0.50 0.38 0.39 0.23 0.22 0.35 0.35
12 0.50 0.50 0.04 0.04 0.01 0.01 0.11 0.11

center 1 -2.99 0.54 -2.67 0.01 -3.03 0.02 -3.42 -0.00
center 2 2.99 0.54 2.67 0.01 3.03 0.02 3.42 -0.00

to that of PCM and PFCM as regards the two special points: point 11 is asso-
ciated to values around 0.3, and point 12 to small values; it is thus identified
as an outlier. Differences occur for other points: PCM and PFCM distributions
are symmetric with respect to the cluster centre, whereas typicality is not. For
instance, “extreme” points (points 1 and 10) have higher typicality degrees for
their respective clusters (0.88) than “inner” points (e.g.points 5 and 6, associ-
ated to typicality 0.68). Indeed, the latter are consideredas too similar to points
of the other cluster and thus get lower external dissimilarity. This asymmetry
property leads to a cluster repulsion effect: the cluster centres computed as
weighted means of the data are further apart than centres obtained with other
methods (see fig. 1 and the last two rows of table 2). This corresponds to proto-
types that underline the cluster specificity and not only highlight the common
features of the group members.

This property relates the typicality-based method to the algorithm pro-
posed in [12], that adds to the PCM cost function a term modelling cluster re-
pulsion, to solve the PCM cluster merging problem. This termthen influences
the centre expression. Typicality-based clustering also leads to this property,
but in a different approach: cluster repulsion is not introduced in the centre
expression, but directly in the point influence through its typicality degree.
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Figure 2. Considered data set and obtained non-convex clusters

5 Extension to Non-Convex Cluster

In this section, a direct extension of the proposed typicality-based cluster-
ing algorithm is presented to detect non-convex clusters: contrary to the fuzzy
c-means and the possibilisticc-means algorithm for instance, the proposed
method does not rely on the Euclidean distance. FCM and PCM optimise a
cost function based on the Euclidean distance that leads to computing clus-
ter centres as weighted means of the clusters members. Usingother metrics
requires specific adaptations [13].

On the contrary, the proposed typicality-based clusteringdoes not compute
a cluster centre, and does not assume the distance is Euclidean. It only relies
on the definition of a resemblance and a dissimilarity measures, in a more
general framework. Therefore, it can be applied to non-vectorial data using for
instance kernel functions [5]. It can also be used to detect non-convex clusters,
provided relevant comparison measures are defined.

Figure 2 illustrates this property for a data set made of a Gaussian cluster
and a noisy parabolic cluster. We used a Gaussian kernel, i.e. the distance
derived from the scalar product defined as

k(x, y) = exp

(

−
‖x− y‖2

2σ2

)

with σ = 1.4. It can be seen that the algorithm identifies the two expected clus-
ters, considering as outliers (points assigned to the fictitious cluster, depicted
with the star symbol) some points at the extremity of the parabola and a point
located in an ambiguous area between the two clusters.

Figure 3 shows the associated typicality degree distribution as a function
of the x-coordinate of the data points for each cluster respectively: they clearly
indicate and distinguish between the two desired clusters,insofar as, for in-
stance, points in the Gaussian cluster have a higher typicality degree for the
first cluster than those in the parabolic cluster.
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Figure 3. Typicality degrees for the Gaussian (left) and the parabolic (right) clusters,
as a function of the x-coordinate of the data point (see the data set on fig. 2).

6 Conclusion

This paper presented a clustering algorithm based on typicality degrees
originally defined in a prototype construction framework soas to take into
account both common and discriminative features of categories to be charac-
terised. Their exploitation for clustering makes it possible to identify relevant
clusters that are both compact and separable, and provides information about
the representativeness of the data points. It has the advantage of outlier ro-
bustness and cluster overlapping area avoidance. Furthermore, the algorithm
is based on comparison measures and not on data points themselves, thus an
extension to non Euclidean distances is possible, making itpossible to identify
non-convex clusters, or to apply the algorithm to non-vectorial data.

Perspectives include the classic problem of the cluster number selection
in partitioning clustering methods. It would be interesting to study the ex-
tent to which classic validity criteria can be considered inthis approach. An-
other interesting perspective concerns the extension to non-convex clusters and
the definition of prototypes in this case: the computation ofa weighted mean
would not be relevant, as data are not compared in the initialinput space, but
in the so-called feature space to which data are implicitly transformed [11].
Thus cluster centres belong to the feature space and cannot be computed nor
represented directly. The question of the definition of cluster representatives
in the case of such kernel methods is an open question.
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