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Abstract—Multiple instance regression (MIR) operates on a
collection of bags, where each bag contains multiple instances
sharing an identical real-valued label. Only few instances, called
primary instances, contribute to the bag’s label. The remaining
instances are noise and outliers observations. The goal in MIR
is to identify the primary instances within each bag and learn a
regression model that can predict the label of a previously unseen
bag. In this paper, we present an algorithm that uses robust
fuzzy clustering with an appropriate distance to learn multiple
linear models from a noisy feature space simultaneously. We
show that fuzzy memberships are useful in allowing instances
to belong to multiple models, while possibilistic memberships
allow identification of the primary instances of each bag with
respect to each model. We also use the possibilistic memberships
to identify the optimal number of regression models. We evaluate
our approach on a series of synthetic data sets. We show that
our approach achieves higher accuracy than existing methods.

Index Terms—Multiple instance regression, Fuzzy clustering,
Possibilistic clustering, Multiple model regression.

I. INTRODUCTION

Unlike classical supervised learning where every object is
represented by a single feature vector and a label, in multiple
instance learning (MIL) [1], [2], an object contains a set
of instances, called a bag, with a single label. Labels are
available only at the bag level and labels of the individual
instances are unknown. The label of each bag cannot be simply
propagated to all of its instances as a significant number
of instances can be irrelevant to the object they describe.
This many-to-one relationship between instances and data
labels produces an inherent ambiguity in determining which
instances in a given bag are responsible for its associated label.
MIL was formalized in 1997 by Dietterich et al. providing a
solution to drug activity prediction [1]. Ever since, MIL has
increasingly been applied to a wide variety of tasks including
drug discovery [3], image analysis [4], [5], [6], content-based
information retrieval [7], time series prediction [2], landmine
detection [8], information fusion [9], [10], and remote sensing
[11].

As in classical learning, data labels in MIL can be cate-
gorical or real-valued. Categorical labeling leads to Multiple
Instance Classification (MIC), while real-valued labeling leads
to Multiple Instance Regression (MIR). Most of the existing
work on MIL has focused on MIC. There are different
assumptions in MIC. The most common one assumes that a
bag is classified negative if all of its instances are negative
and positive if at least one of its instances is positive. Many

algorithms have been proposed to solve MIC problem in the
past two decades. Examples include APR [1], MILES [5],
MILIS [12], SVM [13], Diverse Density [3], MI kernels [14],
EM-DD [15], Citation-kNN [16] and BP-MIP [17], [18].

In Multiple instance Regression (MIR), bags have real-
valued labels and the objective is to learn a regression model
that can predict the label of a bag from its content. There
is no prior knowledge of the relevant instances within each
bag. MIR has received much less attention than MIC and only
recently few algorithms have been proposed.

II. RELATED WORK

The two simplest approaches to MIR, that are commonly
used as baselines (e.g., in [19], [20], [11]), are the Instance-
MIR and Aggregated-MIR. In Instance-MIR, every instance
within a bag is treated as a relevant examplar and inherits
the bag’s label. Then, a model is trained using traditional
supervised regression techniques. To predict the real-valued
label of an unseen bag, the learned regression model is
applied to each one of its instances and the final bag label
is computed by aggregating (e.g min, max, mean, median) the
learned instances’ labels. In Aggregated-MIR, the aggregation
is applied at the feature level. First, features of all instances
within a bag are combined to form a meta-data. Then, a
standard regression method is applied to the meta-data. To
predict the label of an unseen bag, the aggregation is first
applied to form the meta-data and then the learned regression
model is used to predict the label of the testing bag based on
the meta-data.

Primary instance regression (PIR) [21] is one of the earliest
MIR that maintains the bag structure. It assumes that each
bag has one true instance, called primary instance, and that
the remaining instances are noisy observations. PIR is an
iterative algorithm that uses an EM-based approach to alternate
between selecting the primary instances and fitting a linear
regression to these instances. Like most MIR methods, PIR
does not provide a mechanism to predict the label of an unseen
bag. Typically, as in the instance-MIR, the predicted value of
a test bag is an aggregation of its instances’ output.

Motivated by the fact that bags contain items drawn from
different distributions, MI-ClusterRegress [19] uses a cluster-
ing step to partition the data into a predefined number of
clusters. Instances that are relevant to each cluster, called
exemplars, are identified and used to learn a regression model
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for each cluster using traditional simple instance regression
techniques. The cluster with the best fitting error is identified
as the “prime” cluster and its model is assumed to have
generated the bags’ labels. The label of a previously unseen
bag is an aggregation of the labels of its instances that are
assigned to the prime cluster.

In this paper, we introduce a novel MIR framework, called
Robust Fuzzy Clustering for Multiple instance Linear Re-
gression (RFC-MILR). We show that, for multiple instance
data, regression models can be identified as clusters when
appropriate features and distances are used. RFC-MILR uses
two types of membership functions for each instance. The
first one is a fuzzy membership and is needed to identify the
primary instances within each bag. The second membership is
a possibilistic function and is needed to identify non-primary
instances as noise and outliers to reduce their influence on the
learned regression parameters.

The organization of the rest of the paper is as follows.
Section III proposes a robust clustering to learn multiple
linear regression models for MIR; Section IV illustrates the
steps of the proposed algorithm using an illustrative example
and compares previous and proposed MIR algorithms using
synthetic datasets.

III. ROBUST CLUSTERING TO LEARN MULTIPLE LINEAR
REGRESSION MODELS

Let D = {Bj , j = 1 . . . NB} be a collection of NB bags,
where Bj = {(bij , yj), i = 1 . . . nj}, bij ∈ IRd is the attribute
vector representing the ith instance from the jth bag, yj is the
real-valued target value of the jth bag and nj is the number of
instances in the jth bag. The instances bij that determine the
label yj , called primary instances, are unknown. The objective
of MIR is to identify the primary instances in every bag,
learn the regression model, and be able to predict the label
of previously unseen bags.

In the following, we propose a new approach, called Robust
Fuzzy Clustering for Multiple Instance Linear Regression
(RFC-MILR). RFC-MILR performs clustering and multiple
linear model fitting simultaneously. RFC-MILR has four main
properties. First, instead of using clustering to partition the
instances in the feature space regardless of the labels of their
bags as in MI-ClusterRegress [19], we combine features and
labels and use clustering, with an appropriate distance, to
identify multiple local linear regression models. Second, we
use a robust clustering approach so that non-primary instances
(that incorrectly inherit the label of the bag they belong to)
can be treated as noise and outliers to minimize their influence
on the learned regression parameters. Third, we use fuzzy
clustering so that each instance can contribute to each local
regression with a fuzzy membership degree. Finally, we use
properties of the possibilistic memberships to find the optimal
number of regression models.

Let xji = [bji, yi] ∈ IRd+1 represent the concatenation of
the jth instance from the ith bag and the label of its bag. Recall
that labels are not available at the instance level and that yi
is valid only for the primary instances of bag i. Thus, many

of the xji’s can have an irrelevant yi. We combine xji from
all training bags into D = {xji, i = 1 . . . NB , j = 1 . . . ni}.
To simplify notation, we assume that all bags have the same
number of instances ni = n for i = 1 . . . NB , and we rewrite
D = {xi, i = 1 . . . N}, where N = n × NB . Next, we
show how clustering could be used to identify the primary
instances from all of the N instances and learn the MIR model
simultaneously.

A. Robust Clustering for MIR

The fuzzy c-means (FCM) [22] algorithm minimizes

JF =
C∑
i=1

N∑
j=1

(uFij)
mdist2ij (1)

subject to the constraint:

uFij ∈ [0, 1] for all i, j; and
C∑
i=1

uFij = 1 for all j . (2)

In (1), C is the number of clusters, distij is the distance
from xj to cluster i, m > 1 is a weighting exponent called
the fuzzifier, and uFij is the fuzzy membership of xj in cluster
i.

The distance distij used in (1) controls the type and
shape of clusters that will be identified. Various distances
have been proposed in the literature to identify ellipsoidal,
linear, and shell clusters such as lines, circles, ellipses, and
general quadratics [23], [24]. In this paper, we assume that the
underlying regression model is linear and we use (1) to identify
multiple linear models. In particular, we use a generalization
of the distance in [22], [25] and let:

dist2ij =
d+1∑
k=1

vik((xj − ci) · eik)2, (3)

where ci is the center of cluster i, eik is the kth unit
eigenvector of the covariance matrix Σi of cluster i. The
eigenvectors are assumed to be arranged in ascending order of
the corresponding eigenvalues λik. In (3), vik is a parameter
that controls the contribution of the distance along each
eigenvector to the total distance. In this paper, we let

vik =

[
d+1∏
j=1

λij

] 1

d+1

λik
, (4)

that is, more importance will be given to distances projected
on the eigenvectors associated with the smaller eigenvalues.

Optimization of (1) with distij in (3) subject to (2), using
alternate optimization, results in an iterative algorithm that
alternates between updating the fuzzy memberships using:

uFij =

 C∑
k=1

(
dist2ij
dist2kj

) 1

m−1


−1

(5)
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and the center ci and covariance Σi of cluster i using

ci =

N∑
j=1

(uFij)
mxj

N∑
j=1

(uFij)
m

, (6)

and

Σi =

N∑
j=1

(uFij)
m(xj − ci)(xj − ci)T

N∑
j=1

(uFij)
m

. (7)

The objective function of the FCM in (1) is known to be
sensitive to noise and outliers, and thus, is not suitable for the
considered MIR application where we know a priori that the
data is very noisy as non-primary instances and their labels
will act like noise. Instead, we use the possibilistic c means
(PCM) [26], which relaxes the constraint in (2) and minimizes

JP =
C∑
i=1

N∑
j=1

(uPij)
mdist2ij +

C∑
i=1

ηi

N∑
j=1

(1− uPij)m (8)

In (8), uPij ∈ [0, 1] is a possibilistic membership degree that is
not constrained to sum to 1 across all clusters. It is close to
0 for samples that are considered outliers, and close to 1 for
inliers.

Optimization of (8) also results in an iterative algorithm that
alternates between updating uPij using

uPij =

1 + (
dist2ij
ηi

)

1

m−1

−1 (9)

and the center ci and covariance Σi as in (6) and (7) respec-
tively. In (9), ηi is a cluster resolution parameter that could be
fixed a priori or updated in each iteration using the distribution
of the data within each cluster [26].

Since the PCM does not constraint the memberships uPij
to sum to 1, it can result in several similar or even identical
clusters. We use this feature to identify the optimal number of
regression models [27]. We simply start with an over specified
number of clusters, then identify and merge similar ones. Two
clusters i and k are considered similar if the possibilistic
memberships of all points in the two clusters are similar. These
clusters can be easily identified and merged if

N∑
k=1

|uPik − uPjk|

N∑
k=1

|uPik|+
N∑

k=1

|uPjk|
< θM (10)

In (10), θM is a threshold constant.
Currently, we assume that the underlying regression model
is linear and thus, it can be captured by one linear cluster.
Consequently, if the algorithm identifies more than one cluster,

say c′ > 1, we need to select the ”optimal” cluster, p. We
simply select the cluster that minimizes the fitting errors, i.e,

p = arg min
i=1,...c

′

{
εi =

N∑
j=1

(uPij)
mdist2ij

}
(11)

The primary instances of cluster p, denoted Pp, are defined
as the set of inliers to this cluster, that is,

Pp = {xj , j = 1 . . . N | uPp > θP } (12)

In (12), θP is a constant typically set to 0.1. The primary
instances of cluster p are also considered the primary instances
of the entire data D, i.e P = Pp.

The linear regression model parameters can be identi-
fied from the cluster center cp and covariance matrix Σp.
Let emin = [e1min, . . . , e

d+1
min] be the eigenvector associated

with the smallest eigenvalue λmin of Σp and let x =
[x1, . . . , xd, y] ∈ P be a primary instance. The fact that x
and cp belong to the same linear regression model leads to

emin.(x− cp) = 0, (13)

or
emin.x = emin.cp. (14)

Decomposing x into the instance feature vector [x1, . . . , xd]
and its label y, we obtain

ed+1
miny +

d∑
k=1

ekminxk = emin.cp (15)

Solving for y in (15), we obtain the regression model:

y = f(x) =
emin.copt

ed+1
min

−
d∑

k=1

ekmin

ed+1
min

xk (16)

The resulting RFC-MILR algorithm is summarized in Al-
gorithm 1.

B. Label Prediction

Primary instances in the training data can be identified
using (12) as the inliers, i.e points that have high possibilistic
membership. For testing, this process is not as applicable since
labels are needed to assign new memberships. Instead we use
the following approach.

Let Bt = {xt1 . . . xtN} be a test bag with N instances. First,
for each xti ∈ Bt, we identify the closest primary instance
(from training data) xPi ∈ P . Then, we assume that yPi , the
label of xPi , is a good initial estimate of the label of xti and
use [xti, y

P
i ] to estimate the possibilistic membership uPi of xti

in the regression model f . The primary instance of test bag Bt

is identified as the instance that has the highest possibilistic
membership, i.e.

xtprim = {xtk | uPk = max
i=1...N

{uPi }} (17)

Finally, test bag Bt is labeled using

ŷ(Bt) = f
(
xtprim

)
(18)
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Algorithm 1 The RFC-MILR Algorithm
1: procedure RFC-MILR(D,C,m)
2: Inputs:
3: D: Training data
4: C: an overestimated number of clusters
5: m: fuzzifier
6: Outputs:
7: f : learned regression model
8: P: set of primary instances

9: initialize centers
10: % start with fuzzy memberships to get initial models
11: for few (10) iterations do
12: update centers using (6)
13: update covariance matrices using (7)
14: update fuzzy memberships using (5)
15: end
16: % Continue with possibilistic membership to refine the

models by ignoring noise and outliers
17: repeat
18: update centers using (6)
19: update covariance matrices using (7)
20: update possibilistic memberships using (9)
21: until centers and covariances do not change
22: Merge similar clusters using (10)
23: if number of remaining cluster c′ > 1 then
24: select ”optimal” cluster using (11)
25: Identify P , the set of primary instances using (12)
26: Identify regression model using (16)

We should note here that it is possible to select multiple
primary instances for each test bag (e.g all instances with
possibilistic membership above a threshold). In this case, the
label of Bt can be taken as the average of the labels of all
primary instances.

IV. EXPERIMENTAL RESULTS

To validate the proposed MIR and evaluate its performance,
we generate a series of synthetic multiple instance data sets
with linear models. We vary the dimensionality of the feature
space, the number of instances per bag, and the noise level. We
compare the results of RFC-MILR with 4 existing MIR algo-
rithms. These are the MI-Cluster Regress [19], the Instance-
MIR and Aggregated-MIR [19], [20], and the Primary-MIR
[21].

A. Synthetic datasets

First, we generate the instances features, bij ∈ IRd, using

bij = ti + εFij , i = 1, · · · , NB , and j = 1, · · · , ni, (19)

where ti is the primary instance of bag, Bi, generated from
a d-dimensional Gaussian distribution with zero mean and
covariance =10Id×d. In (19), εFij is a noise term added
to the features. It is generated using a normal distribution
NF (µF=0,

∑F
=σF Id×d). As the noise level increases, bij

will divert from being a primary examplar to an irrelevant
instance.

The label of each bag , Bi, is generated using

yi = h(ti) + εLi , (20)

where h() is a linear d-dimensional function. We use

h(x) =
d∑

k=1

akxk (21)

where ak are constant coefficients. In (20), εLi is a noise
term, added to the true label. It is generated from a normal
distribution NL(µL=0, σL).

Using the above strategy, we generate multiple data sets by
varying:

1) the dimensionality of the feature space, d from 1 to 10.
2) The noise level added to the features in (19). We let

σF = k1 × σF
0 , (22)

with σF
0 =0.1 and k1 varies from 1 to 100.

3) The noise level added to the bags’ labels in (20). We let

σL = k2 × σL
0 , (23)

with σL
0 =0.05 and k2 varies from 1 to 25.

4) The number of instances per bag, ni, from 5 to 100.
For each set of parameters, we create 10 linear models by
generating random coefficients ak (used in (21)) . For each
model, we generate one data collection that includes 100 bags,
i.e. NB=100.

B. Illustrative Example

First, we use a simple 1-Dim data to illustrate the different
steps of the proposed MIR approach. The true model is h(x) =
6x, and each bag has 5 instances. For the noise levels, we use
k1=1000 and k2=2.

The data is displayed in figure 1(a) where the x-axis repre-
sents the 1-D feature of the instances and the y-axis represents
the label of each bag (all instances in one bag have the same
y value as they share the same label). All primary instances
are displayed as filled blue circles and the remaining ones are
displayed as red ’x’. Recall that in MIR this information is
not available, and that we use it here for illustrative purposes
only. Using C=3, figure 1(b) displays the 3 initial clusters
obtained after running the RFC-MILR for few iterations with
fuzzy memberships. Points that belong to different clusters
are displayed with different symbols and colors. Figure 1(c)
displays the results after switching from fuzzy to possibilistic
memberships and running the algorithm for 3 iterations. As
it can be seen, RFC-MILR started identifying noisy instances
(displayed as black circles) and the 3 linear clusters started
converging to the same true model. Figure 1(d) displays the
final results after the clusters became identical and got merged
into one using (10). Points with high possibilistic memberships
(> 0.9) are located along the linear model. These points will
be considered the primary instances. All others, will be treated
as irrelevant ones.
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(a) (b)

(c) (d)

Fig. 1. Illustrations of the steps of RFC-MILR: (a) Example of MIR data, (b) Result of fuzzy clustering, (c) Result of possibilistic clustering after 3 iterations,
(d) Result of RFC-MILR after merging similar clusters

C. Results

To compare the performance of the different MIR algo-
rithms, for each data set, we compute the mean square error
(MSE) using:

MSE =
1

NB

NB∑
i=1

(yi − ŷ(Bi))
2, (24)

where yi is the true label of bag i and ŷ(Bi) is the label
estimated using the different MIR algorithms.

For all data sets, we set the initial number of models C to
10, θM in (10) to 0.1, and fuzzifier m to 2. The value of ηi in
(9) is estimated using the average fuzzy intra-cluster distance
of cluster i as recommended in [26].

In the following experiments, unless stated otherwise, we fix
the k1 value, used to control the level of noise added to the
instances (22) to 10. We also fix k2, used to control the noise
added to bags’ labels (23) to 10. The number of instances per
bag, ni, and the dimensionality of the instance space, d, to 5
and 1 respectively.

In the first experiment, we vary the noise level added to
the bags’ labels by increasing k2 in (23) from 1 to 25. For
each value of k2, we generate 10 data sets using 10 linear
models that use random coefficients ak’s (refer to (21)). The
results of this experiment are displayed in Figure 2 where for
each value of k2, we display the mean MSE averaged over
the 10 random models. We also display the variance of the
MSE as a vertical error bar. As it can be seen, RFC-MILR
has the lowest error. Moreover, the results of the 10 random
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Fig. 2. Comparison of RFC-MILR with previous MIR algorithms when
varying the noise level added to the bags’ labels in (20)

Fig. 3. Comparison of RFC-MILR with previous MIR algorithms when
varying the noise level added to the features in (19)

models are consistent as indicated by the low MSE variations
across the random models. In a second experiment, we vary
k1 from 1 to 100. The results are displayed in figure 3 where
the proposed RFC-MILR has the lowest MSE average and
variation.

In a third experiment, we vary the number of instances per
bag, ni from 5 to 100. In general, adding more instances
increases the number of irrelevant instances and makes the
MIR problem more challenging. The results of this experiment
are displayed in Figure 4.

As it can be seen, the proposed RFC-MILR algorithm is
very robust even in the presence of a large number of irrelevant
instances. On the other hand, for all other 4 algorithms
the average MSE increases significantly as more irrelevant
instances are included in each bag.

In a fourth experiment, we vary the dimensionality of the

Fig. 4. Comparison of RFC-MILR with previous MIR algorithms when
varying the number of instances per bag

Fig. 5. Comparison of RFC-MILR with previous MIR algorithms when
varying the dimensionality of the feature space

instances, d, from 1 to 10. The results are displayed in Figure
5.

As for the previous experiments, the proposed RFC-MILR
has the lowest MSE values.

V. CONCLUSIONS

We proposed a new approach to multiple instance regression
based on robust clustering. By combining the bags instances
and labels, and using an appropriate distance that measures
the deviation of a point from a linear model, we showed that
a possibilistic clustering algorithm can be used to estimate
the regression model in a MIR setting. More importantly,
we showed that the possibilistic memberships can be used
to identify the primary instances and the irrelevant instances
within each bag. Using several synthetic data sets with known
structure and different levels of noise and difficulty, we showed
that our approach achieves higher accuracy than state of the
art methods.
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Currently, we assume that the regression model is linear and
after clustering, we identify a single model that has instances
from the maximum number of distinct bags and minimizes
the fitting error. We are currently investigating two strategies
to generalize our approach to non-linear regression. The first
one is based on the assumption that a non-linear model can
be approximated by multiple piecewise linear models. The
second approach modifies the distance measure used within
the clustering objective function to represent the fitting error
with respect to a non-linear model.
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