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ONLINE MATCHING MODELS
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either vertex- or edge-arrival

recourse models restricting edges

What is the competitive ratio 
in function of k ?
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Figure 1 Illustration of the actions of an online matching algorithm under the di�erent edge-arrival
models with recourse.

is allowed to delete any edge in the graph, and thus also any edge that may have been
provisionally accepted by the online algorithm. We show that this model is quite restrictive,
since it yields excessive power to the adversary. We thus also study the limited departure
model, in which the adversary may delete only edges not currently accepted by the online
algorithm.

The limited departure setting can also model some natural applications related to resource
allocation. For instance, consider a bipartite graph representing compatibility between tasks
and workers, and that we seek to maximize the number of tasks assigned to workers. The
compatibility of tasks and worker skills can change over time. Then the limited departure
model stipulates that if worker w remains assigned to task t by the online algorithm, then w

does not lose his qualification for t, in the sense that the worker has a continual occupation
with the said task and maintains the required skills for the task. However, once the online
algorithm decides to remove worker w from task t (i.e., the online algorithm provisionally
rejects edge (w, t)), then the worker might lose his qualification for the task over time.

An online algorithm ALG for a maximization problem is said to be c-competitive if there
is a constant d such that ALG(‡) Ø OPT(‡)/c ≠ d, for all request sequences ‡. Here ALG(‡)
stands for the objective value of the solution produced by ALG on ‡, while OPT(‡) stands
for the value of the optimal solution. If d = 0, the algorithm is called strictly c-competitive.
Note that some previous work on the matching problem has used the reciprocal ratio. The
smallest c for which an online algorithm ALG is c-competitive is called the competitive
ratio of ALG. The strict competitive ratio is defined similarly. If it so happens that this
minimum value does not exist, the competitive ratio is actually defined by the corresponding
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problem [9]. We call this problem the online maximum matching problem under the edge
arrival/departure model with edge-bounded recourse. For this problem, we further distinguish
two models concerning the edge departures. In the full departure model, the adversary
is allowed to delete any edge in the graph, and thus also any edge that may have been
provisionally accepted by the online algorithm. We show that this model is quite restrictive,
since it yields excessive power to the adversary. We thus also study the limited departure
model, in which the adversary may delete only edges not currently accepted by the online
algorithm.

The limited departure setting can also model some natural applications related to resource
allocation. For instance, consider a bipartite graph representing compatibility between tasks
and workers, and that we seek to maximize the number of tasks assigned to workers. The
compatibility of tasks and worker skills can change over time. Then the limited departure
model stipulates that if worker w remains assigned to task t by the online algorithm, then w

does not lose his qualification for t, in the sense that the worker has a continual occupation
with the said task and maintains the required skills for the task. However, once the online
algorithm decides to remove worker w from task t (i.e., the online algorithm provisionally
rejects edge (w, t)), then the worker might lose his qualification for the task over time.

An online algorithm ALG for a maximization problem is said to be c-competitive if there
is a constant d such that ALG(‡) Ø OPT(‡)/c ≠ d, for all request sequences ‡. Here ALG(‡)
stands for the objective value of the solution produced by ALG on ‡, while OPT(‡) stands
for the value of the optimal solution. If d = 0, the algorithm is called strictly c-competitive.
Note that some previous work on the matching problem has used the reciprocal ratio. The
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problem [9]. We call this problem the online maximum matching problem under the edge
arrival/departure model with edge-bounded recourse. For this problem, we further distinguish
two models concerning the edge departures. In the full departure model, the adversary
is allowed to delete any edge in the graph, and thus also any edge that may have been
provisionally accepted by the online algorithm. We show that this model is quite restrictive,
since it yields excessive power to the adversary. We thus also study the limited departure
model, in which the adversary may delete only edges not currently accepted by the online
algorithm.

The limited departure setting can also model some natural applications related to resource
allocation. For instance, consider a bipartite graph representing compatibility between tasks
and workers, and that we seek to maximize the number of tasks assigned to workers. The
compatibility of tasks and worker skills can change over time. Then the limited departure
model stipulates that if worker w remains assigned to task t by the online algorithm, then w

does not lose his qualification for t, in the sense that the worker has a continual occupation
with the said task and maintains the required skills for the task. However, once the online
algorithm decides to remove worker w from task t (i.e., the online algorithm provisionally
rejects edge (w, t)), then the worker might lose his qualification for the task over time.

An online algorithm ALG for a maximization problem is said to be c-competitive if there
is a constant d such that ALG(‡) Ø OPT(‡)/c ≠ d, for all request sequences ‡. Here ALG(‡)
stands for the objective value of the solution produced by ALG on ‡, while OPT(‡) stands
for the value of the optimal solution. If d = 0, the algorithm is called strictly c-competitive.
Note that some previous work on the matching problem has used the reciprocal ratio. The
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OUR MODEL

➤ Fixed edge recourse budget k 

➤ Every edge has type 0 at 
arrival 

➤ Whenever edge enters or 
leaves the matching, its type is 
increased 

➤ Edge is blocked when its type 
is k 

➤ Applying an augmenting path 
(without a blocked edge) 
increase the types along its 
edges
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SIMPLE LOWER BOUND 1+1/K

➤ Example: k=2 

➤ Algorithm has to augment.  

➤ Adversary extends the path.  

➤ Algorithm has to augment. 
Adversary extends the path. 
Algorithm cannot augment. 
Ratio is (k+1)/k.

0

1

0 1 0

0 1 2 1 0

blocked edge

Quite bad when k is odd 

 
hence we focus mostly on even k 

0 odd 0



IMPROVED LOWER BOUND 1+1/(K-1) FOR ALL K≥3

➤ For example k=3. Consider algorithm claiming ratio 3/2-ε.  
Initially release 1 then 2 edges. 

(a) Ratio=2, algorithm needs to augment. 

(b) Ratio=3/2, algorithm needs to augment. 

(c) Construction is repeated, 

(d) until ratio (3n+1)/(2n+1) exceeds 3/2-ε.
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Figure 2 Lower bound construction for the case k = 3.

At this point, the adversary repeats this construction n ≠ 1 times, by identifying the
shaded part of Figure 2(c) as the graph of Figure 2(a), and reapplying the above construction.
The final graph consists of n blocked augmenting paths of type 0,3,0 and n + 1 edges of type
1 that belong both to the optimal and the algorithm’s matchings. Figure 2(d) illustrates this
final graph for n = 4. Hence the competitive ratio is (3n + 1)/(2n + 1), contradicting the
claimed ratio and showing a lower bound of 3/2. J

2.5 Comparing the algorithms L-Greedy and AMP

We have analyzed two deterministic online algorithms: the algorithm AMP, which has
competitive ratio 1+O (log(k)/k), and the algorithm L-Greedy, which has competitive ratio
1 + �(1/

Ô
k). Since the analysis of L-Greedy is tight, it follows that AMP is asymptotically

(i.e., for large k) superior to L-Greedy. However, for small values of k, namely k Æ 20, we
observe that L-Greedy performs better, in comparison to the performance bound we have
shown for AMP. These findings are summarized in Table 1 and Figure 4 (Appendix).

k LB (arr.) LB (arr./dep.) L-Greedy AMP
4 1.333333 1.428571 1.5 2.598076
6 1.2 1.263158 1.466667 1.869186
8 1.142857 1.179487 1.428571 1.613602
10 1.111111 1.134328 1.333333 1.480583
12 1.090909 1.106796 1.318182 1.398080
14 1.076923 1.088435 1.307692 1.341500
16 1.066666 1.075377 1.300000 1.300080
18 1.058823 1.065637 1.247059 1.268330
20 1.052631 1.058104 1.242105 1.243150
22 1.047619 1.052109 1.238095 1.222640

Table 1 Summary of lower bounds (LB) and upper bounds on the competitive ratio for the
problem, for all even 4 Æ k Æ 22. The lower bounds for the arrival/departure model are discussed in
Section 3. The analysis of L-Greedy and AMP carry through to the (limited) edge arrival/departure
model. For k Ø 22, the upper bound of AMP is superior to the upper bound of L-Greedy.



TWO ALGORITHMIC IDEAS

Apply augmenting paths as 
late as possible [AMP'2013] 

➤ Generic Lazy algorithm: 
claims ratio R, is idle 
whenever ratio is ≤ R 

➤ Hard to analyze, so 
doubling algorithm AMP is 
studied instead: Whenever 
OPT exceeds next integer 
power of some ρ, apply all 
possible augmenting paths. 

Apply only short augmenting 
paths [Our paper] 

➤ Intuition: preserve edge 
budgets by minimizing 
global recourse 

➤ L-Greedy: restrict to length 
2L+1 augmenting paths, L 
is optimized at ⎣√(k-1)⎦ 
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To do: 
Analyze the combination of 

both techniques



COMPARING ALGORITHMS

➤ AMP has ratio 1+O(log k/k) 

➤ L-Greedy has ratio 1+O(1/√k) 
proof by charging scheme  

➤ Cutting point at k=20
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Figure 4 Comparison of the competitive ratios of the algorithm AMP and the algorithm L-
Greedy

A Analysis of the algorithm AMP

Denote by the type of a vertex v the maximum type of the edges adjacent to v. Denote by
ni,p the number of vertices of type i in phase p.

Proof of Proposition 1. We denote by OPTp the value of OPT at the beginning of phase p.
With every phase change the type of a vertex can increase at most by 1. Hence every vertex
of type k in phase p had positive type in phase p ≠ k + 1. Thus

nk,p Æ
kÿ

i=1

ni,p≠k+1

Æ 2 · OPTp≠k+1

,

where the last inequality uses the fact that the left hand side counts the number of vertices
matched by the algorithm. In phase p, the di�erence between the optimal matching and the
matching of the algorithm is at most the number of blocked augmenting paths, and each of
them contains at least two type k vertices. Hence

ALGp Ø OPTp ≠ 1
2 · nk,p

Ø OPTp ≠ OPTp≠k+1

> r¸(p) ≠ r¸(p≠k+1)+1.

The last inequality holds since r¸(p) Æ OPTp < r¸(p)+1. J



ATTEMPTS TO CLOSE THE GAP FOR K=4

➤ We studied a stronger adversarial model. Edges can arrive, but 
also depart (if not in the current matching). Adversary 
maintains a collection of paths. Edge types along paths form 
strings on {0,1,…,k} of alternating parity. Now we have a 
game: Algorithm can augment strings (increment edge 
types), Adversary can merge or split strings.
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lower bound, arrival model

1.5

1.4285

1.3333

upper bound, L-Greedy

lower bound, arrival/departure model 0 1 0

0 1 2 1 0

≡ {010,01210}



➤ thank you
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